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In the present paper the gauge-invariant formalism is developed for perturbations of the brane world model
in which our universe is realized as a boundary of a higher dimensional spacetime. For the background model
in which the bulk spacetime is (n1m) dimensional and has the spatial symmetry corresponding to the
isometry group of an n-dimensional maximally symmetric space, gauge-invariant equations are derived for
perturbations of the bulk space-time. Further, for the case corresponding to the brane world model in which
m52 and the brane is a boundary invariant under the spatial symmetry in the unperturbed background,
relations between the gauge-invariant variables describing the bulk perturbations and those for brane pertur-
bations are derived from Israel’s junction condition under the assumption of Z2 symmetry. In particular, for the
case in which the bulk spacetime is a constant-curvature spacetime, it is shown that the bulk perturbation
equations reduce to a single hyperbolic master equation for a master variable, and that the physical condition
on the gauge-invariant variable describing the intrinsic stress perturbation of the brane yields a boundary
condition for the master equation through the junction condition. On the basis of this formalism, it is pointed
out that it seems to be difficult to suppress brane perturbations corresponding to massive excitations for a brane
motion giving a realistic expanding universe model.
PACS number~s!: 04.50.1h, 11.25.Mj, 12.10.2g, 98.80.Cq
I. INTRODUCTION
Motivated by M theory @1,2#, anti–de Sitter ~AdS! confor-
mal field theory ~CFT! correspondence in string theories
@3,4#, and the hierarchy problem in particle theory @5–8#,
brane world models in which our universe is realized as a
boundary of a higher-dimensional spacetime have been ac-
tively studied recently @9–38#. In particular, for the case in
which the bulk spacetime is five dimensional, anti–de Sitter
spacetime and the brane is realized as a flat four-dimensional
spacetime, the gravitational interaction between matter in the
brane is well described by the standard one on scales much
larger than the scale corresponding to the brane tension @12–
15#.
Further, as an extension of the analysis to a dynamical
situation, the embedding of Robertson-Walker universe mod-
els into five-dimensional anti–de Sitter and anti–de Sitter-
Schwarzschild spacetimes has been discussed by many
people @19–30#. In such high-symmetry cases, although the
evolution equation for the cosmic scale factor is modified
from the standard one, our universe is still a dynamically
closed system, and the difference in the evolution equation
can be neglected when the energy density of the universe
becomes much smaller than the brane tension. Thus the
brane world model gives a new world model consistent with
present day observations. However, if one goes beyond this
lowest-level approximation, it is not clear whether the brane
world model is consistent with all available observations be-
cause our universe is not dynamically closed in this model
@10#.
One of the simplest ways to analyze this problem is to
investigate the behavior of perturbations of the brane world
model. Since perturbations of the brane are inevitably asso-
ciated with perturbations in the geometry of the bulk space-
time, such investigation will make clear whether or not the
open nature of the universe dynamics is controllable. It will
also make possible an observational test of the model in
terms of the anisotropy of the cosmic microwave back-
ground.
As the starting point of investigations in this line, in the
present paper, we develop a gauge-invariant formalism for
perturbations of the brane world model. The basic approach
is the same as that originally developed for four-dimensional
spacetime by Gerlach and Sengupta @39–41# and utilized by
some people in analysis of the interaction between a domain
wall and gravitational waves in four-dimensional spacetimes
@42–44#.
The formalism consists of two parts. The first is a gauge-
invariant formalism for perturbations in the geometry of the
bulk spacetime. This problem has already been investigated
by some people for the standard case in which the bulk
spacetime is vacuum and maximally symmetric @45#. In the
present paper, taking account of the developing nature of the
brane world model, we extend the formalism to the case in
which the bulk spacetime is (m1n) dimensional and its un-
perturbed geometry has only the isometry corresponding to
the maximally symmetric space of dimension n (n>1). This
symmetry is utilized to expand perturbations in terms of the
harmonic functions on n-dimensional maximally symmetric
space and define gauge-invariant variables.
The second part establishes relations between the gauge-
invariant variables describing perturbations of the brane and
those for the bulk perturbations. In this part we assume that
m52 and the (n11)-dimensional brane is invariant under
the isometry group of the bulk in the unperturbed model.
Thus the brane represents an expanding Robertson-Walker
universe in general.
The paper is organized as follows. In the next section we
first classify perturbations into tensor, vector, and scalar
types in terms of the tensorial behavior with respect to the
maximally symmetric n-dimensional spacetime. Then for
each type we define the gauge-invariant variables describing
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perturbations of the bulk geometry and express the Einstein
equations in terms of them. In Sec. III, after introducing a
gauge-invariant variable describing the motion of the brane,
we express Israel’s junction condition corresponding to the
Z2 symmetry in terms of it and the bulk variables. We will
show that this gives expressions for the intrinsic perturbation
variables, for the brane in terms of the bulk variables, and a
boundary condition on the latter in terms of the intrinsic
stress perturbations of the brane. In Sec. IV we specialize the
formalism to the standard brane world model in which the
bulk spacetime is vacuum. We reduce the perturbation equa-
tions to a single hyperbolic equation for a master variable V
in a two-dimensional spacetime and express the junction
conditions in terms of the master variable. We will show that
the condition that the anisotropic stress perturbation of the
brane should vanish yields the Neumann and Dirichlet
boundary conditions on the master variable for the tensor and
vector perturbations, respectively, while the boundary condi-
tion for the scalar perturbation is obtained from the condition
on the entropy perturbation of the brane. The last condition
becomes nonlocal with respect to time except for the cases in
which the brane is vacuum or p52r . Section V is devoted
to summary and discussion.
II. BULK PERTURBATION EQUATIONS
A. Background spacetime
In this section we consider perturbations of spacetime
structure on (m1n)-dimensional spacetime M, which is lo-
cally written as a product
M m1n5N m3K n{~ya,xi!5~zM !. ~1!
Its unperturbed background geometry is given by the metric





25g i j~x !dxi dx j ~3!
is that with a constant sectional curvature K on K n. We
denote the covariant derivatives, the connection coefficients,
and the curvature tensors for the three metrics ds¯2,
gab dya dyb, and dsn
2 as
ds¯ 2)„¯ M ,G¯ NLM ,R¯ MNLS , ~4!
gab~y !dya dyb)Da , mGbca ~y !, mRabcd~y !, ~5!
dsn
2)Dˆ i ,Gˆ jki ~x !,Rˆ i jkl~x !5K~g ikg j l2g ilg jk!.
~6!
The expressions for G¯ NL
M and R¯ MNLS in terms of the corre-
sponding quantities for the metrics gab(y)dya dyb and dsn2
are given in Appendix A.
From the symmetry structure of G¯ MN the energy-
momentum tensor T¯ MN for the background bulk geometry
has the structure




Hence the Einstein equations for the bulk spacetime,
G¯ MN1Lg¯ MN5k2T¯ MN , ~8!
are reduced in the unperturbed background to
G¯ ab1Lgab5k2T¯ ab , ~9!
G¯ i
i5n~k2P¯ 2L!. ~10!
B. Gauge transformation of perturbations
For the infinitesimal gauge transformation represented in
terms of the coordinates as d¯ zM5jM , the metric perturbation
hMN5dg¯ MN transforms as
d¯hMN52L jgMN52„¯ MjN2„¯ NjM . ~11!




D 2Dˆ ija , ~13!
d¯hi j52Dˆ ij j2Dˆ jj i22rDarjag i j . ~14!
Similarly, the gauge transformation of the perturbation of the
energy-momentum tensor d¯ (dT¯ )MN ,
d¯ ~dT¯ !MN52L jT¯ MN52jL„¯ LT¯ MN2T¯ ML„¯ NjL2T¯ NL„¯ MjL,
~15!
is written as
d¯ ~dT¯ !ab52jcDcT¯ ab2T¯ acDbjc2T¯ bcDajc, ~16!
d¯ ~dT¯ !ai52T¯ abDˆ ijb2r2P¯ Da~r22j i!, ~17!
d¯ ~dT¯ ! i j52jaDa~r2P¯ !g i j2P¯ ~Dˆ ij j1Dˆ jj i!. ~18!
C. Gauge-invariant perturbation equations
In general, each tensor with rank at most 2 on the maxi-
mally symmetric space K n is uniquely decomposed into
components of the three types, scalar, vector, and tensor, and
each component can be expanded in terms of harmonic func-
tions of the same type @46#.
1. Tensor perturbation
First we consider the tensor perturbation, which can be
expanded in terms of the harmonic tensors Ti j ,
~Dˆ 1k2!Ti j50, ~19!
with the properties





In the present paper we omit the index labeling the harmon-
ics as well as the summation symbol with respect to the
index, because expansion coefficients corresponding to dif-
ferent eigenvalues decouple on the maximally symmetric
space.
Here note that the eigenvalue k2 is always non-negative
under a boundary condition making the operator Dˆ self-
adjoint in the L2 space. In particular, k250 appears only for
the flat space (K50) since the corresponding eigentensors
satisfy Dˆ kTi j50, which yields 05Dˆ iDˆ kTi j5nKTjk . Thus
the eigentensors for k250 are constant tensors. In the frame-
work of the expansion in the L2 sense, such eigentensors
should be discarded. Thus we assume k2.0 in the following
unless otherwise stated.
For the tensor perturbation the metric perturbation is ex-
panded as
hab50, hai50, hi j52r2HTTi j . ~21!
Since the infinitesimal gauge transformation j5(ja,j i) has
no tensor component, it follows that HT is gauge invariant.
Similarly, dT¯ MN is expanded as





where tT is the gauge-invariant variable representing the
tensor-type anisotropic stress perturbation.
Inserting these expansions into the expression for dR¯ i j ,









where h5DaDa is the d’Alembertian on the m-dimensional
space N m.
2. Vector perturbation
Divergence-free vector fields can be expanded in terms of
the vector harmonic Vi defined by
~Dˆ 1k2!Vi50, ~24!
Dˆ iVi50. ~25!




ˆ iVj1Dˆ jVi!, ~26!
which has the properties





2k Vi , ~28!
and expands a vector-type perturbation of a second-rank ten-
sor.
As in the case of tensor harmonics, the eigenvalue k2 is
always non-negative and k250 occurs only for K50, for
which the harmonic vectors become constant vectors. Thus,
for the same reason as in the tensor harmonics, we assume
k2.0 in the following. One subtle point of the vector har-
monics is that k2.0 does not imply k22(n11)K.0 for
K.0. Hence, for k2,(n11)K and K.0, the vector-type
tensor harmonics defined by Eq. Eq. ~26! should vanish,
which implies that Vi is a Killing vector on Sn. In this case it
follows from Eq. Eq. ~28! that the eigenvalue should be
given by k25(n21)K .
The vector perturbation of the metric is expanded in terms
of the vector harmonics as
hab50, hai5r f aVi , hi j52r2HTVi j , ~29!
and the vector perturbation of the energy-momentum tensor
as
dT¯ ab50, dT¯ i




For the reason stated above, HT and tT are not defined for
the mode k25(n21)K with K.0.
Since the infinitesimal gauge transformation j has only
the vector component
ja50, j i5rLVi , ~31!
the expansion coefficients of the perturbation transform as
d¯ f a52rDaS Lr D , d¯HT5kr L , d¯ ta50, d¯ tT50.
~32!
Hence, except the mode k25(n21)K for K.0, the vector
perturbation is described by the three gauge-invariant vari-
ables ta , tT , and
Fa5 f a1
r
k DaHT . ~33!
On the other hand, for the mode k25(n21)K with K.0,
only the combination
Fab
(1)5rDaS f br D2rDbS f ar D ~34!
is gauge invariant.
From the components dG¯ i
a and dG¯ j
i of the Einstein equa-
tions we obtain the following gauge-invariant perturbation
equations except the mode k25(n21)K with K.0:












On the other hand, for the mode k25(n21)K with K.0,







From the scalar harmonic functions
~Dˆ 1k2!S50, ~38!





@Dˆ 1k22~n21 !K#Si50, ~40!
Dˆ iSi5kS, ~41!
















~Dˆ 1k222nK !Si j50. ~44!
In contrast to the vector and tensor harmonics, a constant
function becomes the normalizable k50 mode for K.0, for
which Si and Si j vanish identically. Since Si[0 implies S
5const, no degeneracy occurs for the scalar-type harmonic
vectors except for this constant mode, and k2.(n21)K if
k2.0. On the other hand, Si j vanishes identically for k2
5nK . For k2.0 this occurs only for K.0. Since the spec-
trum of k2 is given by k25l(l1n21)K with non-negative
integer l, it corresponds to the l51 harmonics. For other
modes k2.2nK .
A scalar perturbation of the metric is expanded in terms of
the scalar harmonics as
hab5 f abS, hai5r f aSi , hi j52r2~HLg i jS1HTSi j!,
~45!
and a scalar perturbation of the energy-momentum tensor as
dT¯ ab5tabS, dT¯ i






In these expansions terms corresponding to HT and tT for
k25nK.0 and those corresponding to f a , HT , ta , and tT
for k250 do not exist.
For k2(k22nK)5 0, under the infinitesimal gauge trans-
formation
ja5TaS, j i5rLSi , ~47!
these expansion coefficients transform as
d¯ f ab52DaTb2DbTa , ~48!

















~T¯ abTb2P¯ Ta!, ~54!
d¯ ~dP¯ !52TaDaP¯ , ~55!
d¯ tT50, ~56!
where Xa is defined as
Xa5
r
k S f a1 rk DaHTD . ~57!









Fab5 f ab1DaXb1DbXa , ~59!
Sab5tab1T¯ b
cDaXc1T¯ a






S5dP¯ 1XaDaP¯ . ~62!
On the other hand, for the modes k2(k22nK)50, these be-
come gauge dependent if we define them by setting unde-
fined variables to zero.
HIDEO KODAMA, AKIHIRO ISHIBASHI, AND OSAMU SETO PHYSICAL REVIEW D 62 064022
064022-4




, and the traceless part of dG j
i of the Einstein equations, we obtain the following











2R¯ 12L D Fab2DaDbFcc22nS DaDbF1 1r DarDbF1 1r DbrDaF D2FDcDdFcd1 2nr DcrDdFcd

















































For the exceptional case k25nK.0 Eq. ~66! does not exist,
and for the case k250 Eqs. ~64! and ~66! do not appear. The
other equations still hold although each variable is gauge
dependent.
Here, note that from the Bianchi identities not all of these
equations are independent, and some combinations of them
yield the energy-momentum conservation law for the bulk
matter perturbation. For example, if we eliminate DbFa
b and
Fa

















This is just the equation d(„¯ MT¯ iM)50. Similarly, applying
the same procedure to the divergence of Eq. ~63!, we obtain





















Thus, naively speaking, only m(m21)/2 components of Eq.
~63! are independent under Eqs. ~64! and ~66!, provided that
the bulk energy-momentum conservation laws ~67! and ~68!
are satisfied. However, it is in general difficult to extract such
a component explicitly.
III. JUNCTION CONDITION
In the brane world model the bulk spacetime M has one
or two boundaries, and we live in a boundary S . Hence the
intrinsic geometry of S is determined by the continuity of
the bulk metric g¯ MN and is described by the induced metric
gmn . The intrinsic metric gmn determined in this way, how-
ever, is dependent on the location of the boundary S in the
bulk spacetime even if the geometry of the bulk spacetime is
given. Furthermore, in the spacetime with boundaries, the
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bulk geometry is not uniquely determined by an initial con-
dition unless some appropriate boundary condition is im-
posed at S . Thus, in order for the brane world model to be
well formulated, we must give some additional prescription
to determine the motion of branes and the boundary condi-
tion at the branes for the bulk geometry.
In the brane world models proposed so far, this prescrip-
tion is obtained by assuming that the bulk spacetime with
boundaries is obtained from a spacetime M˜ with Z2 symme-
try by identifying points connected by the corresponding Z2
transformation. The boundaries correspond to fixed points of
the transformation in the original covering spacetime M˜ .
This implies that the hypersurface in M˜ corresponding to a
boundary S is in general a singular surface in the sense that
the extrinsic curvatures Kmn of S on its two sides have the
same absolute value but their signs are different. Such a sin-
gular spacetime is obtained when the surface has an intrinsic
energy-momentum with finite surface density Tmn .
As is shown by Israel @47#, this energy-momentum sur-
face density is related to the difference of the extrinsic cur-
vature on the two sides of the singular surface S . If we
define Kmn in terms of the unit normal nM to S as
Kmn52„¯ mnn , ~69!
and denote its value on the side in the direction of nM as




m5k2S Tnm2 1n TdnmD , ~70!
where the dimension of S is n11. In the brane world model,
if we choose the normal vector so that it is directed toward










Thus, when the intrinsic dynamics of matter in the brane is
given, the motion of brane is constrained by this junction
condition.
In this section we express the perturbation of the above
junction condition in terms of gauge-invariant variables. We
consider only the case in which the unperturbed geometry of
the brane is spatially homogeneous and isotropic. This im-
plies the case m52 for the bulk spacetime, i.e., M5N 2
3K n locally, and the brane is represented by a manifold
S5R3K n{~t ,xi!5~xm!, ~72!
where K n corresponds to the maximally symmetric space in
the unperturbed background.
A. Constraints
The junction condition ~71! together with the Hamiltonian
constraint and the momentum constraint for the bulk space-
time gives relations between quantities intrinsic to the brane




n !52k2T¯ m’ , ~73!
where „ is the covariant derivative with respect to the in-
duced metric gmn on S , and ’ denotes the component along
n, we obtain
„nTm
n 522T¯ m’ . ~74!
Thus when the bulk spacetime is vacuum, the intrinsic
energy-momentum tensor is conserved.
Secondly, from the Hamiltonian constraint
K22Kn
mKm
n 2R52k2T¯’’22L , ~75!
where R is the Ricci scalar of S , we obtain
2R2
k4
4 S TnmTmn 2 1n T2D52k2T¯’’22L . ~76!
This implies that the expansion law of the brane universe is
different from the one without the extra dimension for which
the relation
~n21 !R522k2T ~77!
holds if the cosmological constant is included in Tmn .
B. Unperturbed brane motion
In the unperturbed background the brane motion is de-
scribed by the dependence of the ya coordinates on the
proper time t of S , i.e., the set of functions ya(t). We define
the unit timelike vector ua by ua5y˙ a. Here and from now on
the overdot denotes differentiation with respect to the proper
time t . The unit normal to S in the unperturbed background






The extrinsic curvature is calculated as







and the unperturbed energy-momentum tensor of the brane is
written as
















2 p . ~82!
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The first of these equations implies that the energy density of
our universe is determined by the brane motion. If the equa-
tion of state of the cosmic matter is given, these equations
determine the brane motion because Kt
t represents the accel-
eration of the brane. Further, by differentiating the first equa-






52uaT¯ a’ . ~83!
This equation coincides with Eq. ~74! obtained from the mo-
mentum constraint. Here a denotes the value of r at the brane
and represents the cosmic scale factor of the Robertson-




C. Perturbation of the junction condition
The extrinsic curvature of the brane depends on the con-
figuration of the brane as well as on the bulk geometry. If we
denote the deviation of the brane configuration from the
background one as
dzM5ZM~t ,x !5Z i
M1Z’nM , ~85!
where Z i
M is the component of ZM parallel to the brane, the
perturbation of the extrinsic curvature is in general expressed
as






The perturbation of the intrinsic metric of the brane also
depends both on the perturbation of the bulk metric and on




dgti5haiua2Dˆ iZt1a2~Zi /a2! ., ~88!




To proceed further, we must treat the tensor, the vector, and
the scalar perturbations separately.
1. Tensor perturbation
For the tensor perturbation the perturbation of the intrinsic
metric of the brane is expanded in terms of the tensor har-
monics as
dgtt50, dgti50, dgi j52a2hTTi j . ~90!
Since ZM50 for the tensor perturbation, hT is simply related
to the bulk perturbation as hT5HT .
The perturbation of the energy-momentum tensor intrinsic
to the brane is also expressed by a single expansion coeffi-



















2 pT . ~93!
In general, the anisotropic stress perturbation is not an
independent dynamical variable and is expressed by other
dynamical variables when the model is specified. In particu-
lar, in the linear perturbation framework, it is natural to as-
sume that pT50 for the tensor perturbation. In this case Eq.
~93! gives a Neumann-type boundary condition for the wave
equation of HT obtained in Sec. II C 1. Thus we obtain a
well-posed system describing the evolution of perturbations.
2. Vector perturbation
For the vector perturbation the perturbation of the brane
configuration is expressed in the harmonic expansion as
Zt50, Z’50, Zi5aZVi . ~94!
On the other hand the intrinsic metric perturbation is ex-
pressed as
dgtt50, dgti52abVi , dgi j52a2hTVi j . ~95!
Hence we obtain the relations







If we construct the standard gauge-invariant variables for
the intrinsic perturbation from these metric perturbation vari-
ables and the matter perturbation variables defined by
dTt
t50, dTi












˙ T1F i . ~100!
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Note that Z disappears in these expressions because it corre-
sponds to an intrinsic diffeomorphism of the brane. On the
other hand, in the present case the perturbation of the extrin-






abDaS Fbr DVi , dK ji52 ka F’Vji .
~101!
Inserting these equations into Eq. ~71!, we obtain the follow-
ing two equations:





The first of these gives the expression for the intrinsic per-
turbation variable in terms of the bulk perturbation variable.
The second can be regarded as the boundary condition on the
bulk perturbation equations in Sec. II C 2. It will be shown
later that it gives a Dirichlet-type boundary condition when
the bulk spacetime is vacuum.
3. Scalar perturbation
For the scalar perturbation for which
Zt5ZtS, Z’5Z’S, Zi5aZSi , ~104!
the harmonic expansion coefficients for the intrinsic metric
perturbation defined by
dgtt522aS, dgti52abSi ,
dgi j52a2~hLSg i j1hTSi j! ~105!





























Y t5Zt2Xt, Y’5Z’2X’ . ~110!
Hence the intrinsic gauge-invariant variables constructed






















˙ T2b . ~113!
In addition to these, we can construct gauge-invariant




















Among these equations the last represents the amplitude of
entropy perturbation of the matter.
The perturbation of the extrinsic curvature is now ex-
pressed in terms of the gauge-invariant variables as
dKt
t5F2 12F˙ ’i1 12 naDbFab2 12 D’Faa1 12 Ktt F ii
1K˙ t
tY t2Y¨ ’1S 12 2R1Ktt2 DY’GS, ~118!
dKi
t5kF12 F’i2S Ktt1 D’rr DY t1aS Y’a D
.GSi , ~119!
dK j















Hence the junction condition ~71! yields the following four
relations among the gauge-invariant variables for the bulk
and the brane:



































t F ii2Y¨ ’
1S 12 2R1Ktt2 DY’
52
k2
2 FG1S n21n 1cs2D S rD1 akr˙ V D G , ~122!
1











These conditions have some features that are not shared
by the vector and tensor perturbations. First, although the
variables Zt and Z disappear as in the other types of pertur-
bation, Y’5Z’2X’ remains in the final expressions. This is
because Y’ defines the gauge-invariant amplitude of the per-
turbation of the brane motion, unlike Zt and Z, which corre-
spond to intrinsic diffeomorphism of the brane. Secondly,
from the last equation one finds that a condition on the an-
isotropic stress perturbation does not give any boundary con-
dition on the bulk perturbation. Instead, it constrains the per-
turbation, which cannot be simply attributed either to the
intrinsic structure of the brane or to the bulk.
Then where does the boundary condition come from? We
can find an answer to this question by closely inspecting the
structure of the above equations. First, note that the gauge
invariants representing the perturbation of the intrinsic ge-
ometry of the brane are determined by the bulk variables
through Eqs. ~111! and ~112!. Meanwhile, Eqs. ~121! and
~123! yield the expressions of the gauge-invariants D and V
for the intrinsic matter in terms of the bulk variables. Insert-
ing these expressions into Eq. ~122!, we obtain an expression
for the amplitude of the entropy perturbation G in terms of
the bulk variables. Like pT , G is not a dynamical variable
and should be expressed in terms of D , V, and other intrinsic
dynamical perturbation variables whose dynamics is deter-
mined when a model of the intrinsic matter is given. Hence
we should regard Eq. ~122! or an equation derived from it
by eliminating the independent dynamical variable as the
boundary condition on the bulk perturbation. This means that
the boundary condition is dependent on the type of intrinsic
matter perturbation, e.g., adiabatic or isocurvature. In the
next section we will show that this boundary condition be-
comes nonlocal with respect to the time coordinate of
the brane.
IV. MASTER VARIABLE
As was shown in Sec. II, the metric perturbation in the
bulk spacetime for the tensor perturbation is described by the
single gauge-invariant variable HT , and it obeys a simple
wave equation. Further, the junction condition gives a simple
boundary condition on it. In contrast, for the vector and the
scalar perturbations, the bulk perturbation is described by
multicomponent variables and their equations have structures
too complicated to be solved. Fortunately, in the case in
which the unperturbed background of the bulk spacetime is
vacuum ~and the two-dimensional orbit space N 2 is maxi-
mally symmetric for the scalar perturbation!, we can find a
single master variable for the bulk perturbation and reduce
the perturbation equation to a single wave equation. In this
section we analyze the structure of the junction condition in
terms of that master variable.
A. Vacuum background
We consider the case in which m52 in the notation of
Sec. II A and T¯ MN50. Hence the bulk spacetime is (n12)
dimensional and has the isometry group corresponding to the
n-dimensional maximally symmetric space in the unper-
turbed background. In this case, from the generalized
Birkhoff theorem, the geometry of the background spacetime
is given by either of the following two families of solutions.
~1! Pure product type (Dr50):
dS2~An/2L!3Sn@An~n21 !/2L# , L.0, ~125!
AdS2~An/2uLu!3Hn@An~n21 !/2uLu# , L,0, ~126!
En11,1, L50. ~127!













n~n11 ! . ~130!
The derivation of the solutions of the first family and their
physical meaning were given by Nariai @48,49#. For the sec-
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In particular, when the mass parameter M vanishes, the quan-
tities on the left-hand side of these equations become con-
stant, and the spacetime coincides with dSn12, AdSn12, and
En11,1 for L.0, ,0, and 50, respectively.
The background configuration of the brane in the
Schwarzschild-type background geometry is determined by
solving Eqs. ~81! and ~82! with Eq. ~133!. In particular, from
Eq. ~83!, the same energy equation as in the no-extra-









D 25S k22n r D 22 Ka2 1l1 2Man11 , ~135!
which is different from the standard expansion equation even
in the case M50 in the point that r is replaced by r2. These
equations form a closed system and determine r and a as
functions of the intrinsic proper time t . When these func-
tions are given, the embedding of the brane @ t(t),r(t)# is







In contrast to the Schwarzschild case, the background
brane configuration becomes quite special for the pure prod-
uct type background spacetime. In fact, since r5const in this
case, it follows from Eqs. ~81! and ~82! that r should vanish
and Kt
t is proportional to p. Since it is natural to assume p
50 for r50, the latter condition implies that the background
brane motion is represented by a geodesic in the two-
dimensional constant-curvature space N.
B. Expression in terms of a master variable
1. Tensor perturbation
For the tensor perturbation the system is already described
by a single variable. For completeness we recapitulate the
equations for the tensor perturbation in the vacuum case. We
need no further symmetry assumption on the unperturbed
bulk geometry.









The junction condition gives the boundary condition
D’HT52
k2
2 pT . ~138!
2. Vector perturbation
For the vector perturbation on the vacuum bulk spacetime
tT vanishes. Hence for k2.(n21)K , taking account of the
fact that the orbit space N is two dimensional, Eq. ~36! im-









D 2@k22~n21 !K#VG50. ~140!
The bulk perturbation equation is thus reduced to the single











where C is an integration constant, which can be set to zero
by redefinition of V .
On the other hand, for the mode k25(n21)K.0, the
gauge-invariant Fab
(1) has a single independent component





In terms of V (1) Eq. ~37! is expressed as
eabDb~rn11V (1)!50. ~143!






where C is an integration constant.
For k2.(n21)K , the junction conditions ~102! and ~103!













The first equation gives a Dirichlet-type boundary condition
on V . The other two equations give expressions for the in-
trinsic gauge-invariant variables V and sg in terms of V .
Thus the initial value problem is well posed for this system.
The situation for the exceptional mode k25(n21)K.0
is slightly different. For this mode we do not have the equa-
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tion for pT . However, this does not cause trouble because
Fab
(1) is explicitly given. The junction condition determines
the only nontrivial gauge invariant intrinsic to the brane, V,
as
k2an11~r1p !V5C . ~148!
Here note that the momentum constraint ~74! reduces to the






2ak pT . ~149!
It is easily checked that this equation is consistent with the
above junction conditions. Thus the evolution of V is intrin-
sically determined and coincides with the no-extra-
dimension case. In contrast, the evolution of sg is deter-
mined only by solving the master equation, in contrast to the
no-extra-dimension case in which sg is related to V as @46#
2k82a2~r1p !V52@k22~n21 !K#sg , ~150!
where k82 denotes the gravitational constant on the brane.
3. Scalar perturbation
As shown in Sec. II C 3, for the scalar perturbation on the
vacuum background, Eq. ~65! is automatically satisfied if
Eqs. ~63!, ~64!, and ~66! hold. Among the latter, Eqs. ~64!
and ~66! are written as
Fa
a522~n22 !F , ~151!
Db~rn22Fa
b!52Da~rn22F !. ~152!
Here note that for the exceptional modes k250 and k2
5nK.0 we do not have one or both of them. However, we
can still assume that these equations hold by regarding miss-
ing equations as gauge conditions to fix the residual gauge
freedom.
As was shown by Mukohyama, in the case that the two-
dimensional orbit space N is a constant-curvature space, the
general solutions to these equations are written in terms of a
master variable V as
F˜ 5rn22F5
1
2n ~h12l!V , ~153!
F˜ ab5rn22Fab5DaDbV2S n21n h1 n22n l DVgab .
~154!
~See Appendix C for a simpler proof.!
On the other hand, for the background geometry ~128!

















54S Dbrr DaF1 Darr DbF1~n22 ! DarDbrr2 F D .
~155!
In terms of the master variable V , this equation is written as
~DaDb1lgab!E~V!50, ~156!
where
E~V![r2FhV2 nr DrDV2S k22nKr2 1~n22 !l D VG .
~157!
As is shown in Appendix D, the general solution of Eq.
~156! is written as
E~V!5C0g0~ t ,r !1C1g1~ t ,r !1C2r , ~158!
where C0 , C1, and C2 are arbitrary constants. On the other
hand, it is easy to see that the freedom in the definition of V
is expressed in terms of a solution to (DaDb1lgab)v50 as
V→V1v . Since v is again written as v5C08g0(t ,r)
1C18g1(t ,r)1C28r with arbitrary constants C08;C28 , the
value of E(V) changes by the redefinition as
E~v!5H 2~k22nK !~C08g01C18g1!2k2C28r , KÞ0,
2k2~C08g01C18g1!2~k2C2822nlC08!r , K50.
~159!
From this we immediately see that C0;C2 can be put to
zero by an appropriate redefinition of V for k2(k22nK)
Þ0. On the other hand, only C0 and C1 can be set to zero for
k250 and K5 0, while only C2 can be put to zero for k2
5nK.0. In these cases, however, there still remains a re-
sidual gauge freedom in F and Fab . As is shown in Appen-
dix E, any solution V to the homogeneous equation E(V)
50 can be set to zero by this residual gauge transformation,
while the constants above that cannot be removed by the
redefinition are just the gauge-invariants for the exceptional
modes. Thus the gauge-equivalent classes of the solutions to
the perturbed solutions form a one-dimensional space param-
etrized by C2 for the mode k250 and K.0 and a two-
dimensional space parametrized by C0 and C1 for the mode
k25nK.0.
From now on we consider only modes with k2(k22nK)
Þ0. From the above argument, the master equation for these
modes is always written as







1~n22 !l D V50. ~160!
In terms of the master variable, the junction conditions
~121!–~124! are written as

















































2an22 FV¨ 1S Ktt1~n21 ! D’rr DD’V2~n21 ! a˙a V˙
1S n21n k22nKa2 1~n22 !l D VG2KttY’ . ~166!
Here, note that Eq. ~163! is identical to the space component
of the perturbation of the intrinsic conservation law of the
energy-momentum tensor „mTn
m50. Further, the corre-






~r1p !F12n a2k2 S a˙a D
.GV









is obtained from the above junction conditions, as it should
be.
As was discussed in Sec. III C 3, Eqs. ~161! and ~162! are
the equations determining the intrinsic gauge invariants D
and V. Hence Eq. ~163!, or the equation for the intrinsic
entropy perturbation G , should be regarded as a boundary
condition on the master variable. For pT50, this expression
is given by






F rD’S Vr D G
.
1F2n~11w !~2n221nw !S D’rr D 21cs2 k22nKa2 G







where w5p/r . From this equation we immediately see that,
except for the special case in which p52r , the junction
condition yields a boundary condition that is nonlocal in
time.
In contrast, for the case p52r , the junction condition
yields a closed evolution equation for rD’(V/r) or rD . To
be precise, dr and dp becomes gauge invariant. Further, al-
though V is ill-defined, the combination (r1p)V5(r1p)
3(v2b)5dTit/(aSi) is well-defined and can have a nonva-
nishing value. If we take these facts into account, the bound-
ary condition for r1p50 is given by the equation obtained
from ~168! by the replacements cs
250, w521, and G5dp .
Even in this case, the gauge invariants F and C repre-
senting the intrinsic perturbations of the spatial curvature and
the gravitational potential of the brane are determined only
by solving the wave equation for V under given initial data
and a boundary condition. This is because we lack the rela-
tions that make the equations for intrinsic quantities closed in
the no-extra-dimension case @46#,
k82rD5~n21 !a22~k22nK !F , ~169!
~n22 !F1C52k82a2k22pT . ~170!
Thus it may be difficult to find a natural initial condition for
which the evolution law for the intrinsic perturbation be-
comes similar to the standard one.
V. DISCUSSION
In the present paper we have developed a gauge-invariant
formalism for the perturbation of the brane world model for
which the background configuration has a spatial symmetry
corresponding to a maximally symmetric space with a di-
mension n lower than the dimension n1m of the bulk space-
time. The formalism consisted of two parts. The first part
gave a system of gauge-invariant equations for the perturba-
tion of the bulk spacetime geometry. With applications to
wider situations in mind, we derived the equations for ge-
neric values of n and m and for generic bulk matter. They
give an extension of the formalism developed for the n52
and m52 case by Gerlach and Sengupta @39#.
The second part was concerned with a situation specific to
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the brane world model in which m52 and gave gauge-
invariant equations for the junction condition corresponding
to the Z2 symmetry along a brane with codimension 1. As an
immediate consequence, we have shown that, when the
stress perturbation intrinsic to the brane is specified or ex-
pressed in terms of other intrinsic quantities, the junction
condition yields a boundary condition at the brane~s! on the
evolution equation for the bulk perturbation.
In order to investigate the structure of the equations in
more detail, we have introduced a master variable V for the
bulk perturbation and reduced the bulk perturbation equa-
tions to a single wave equation for V in the case in which the
bulk spacetime is vacuum. This reduction was already done
by Mukohyama @45# in the case in which the background
geometry of the bulk spacetime is maximally symmetric.
Since we were able to introduce the master potential for the
scalar perturbation only in the case in which the two-
dimensional orbit space has a constant curvature, the master
equation we obtained is the same as that derived by Muko-
hyama. However, the master equation for the vector and ten-
sor perturbations is more general and holds also in the case
in which the background geometry is of the Schwarzschild
black hole type. We have also given a proof different from
that given by Mukohyama for the existence of the master
potential for the scalar perturbation.
We have also investigated the structure of the junction
condition in terms of the master variable. In particular, we
have shown that the boundary condition on the master po-
tential obtained from the junction condition has a different
structure depending on the type of perturbation: for the ten-
sor and vector perturbations, the condition that the aniso-
tropic stress perturbation vanishes yields a Neumann-type
and a Dirichlet-type boundary condition, respectively, while
the boundary condition for the scalar perturbation is given by
a condition on the intrinsic entropy perturbation and is non-
local in time in general.
Here, note that, although the master variable is used in an
essential way in the analysis of the scalar perturbation, the
introduction of the master variable is not the only way to
make the problem tractable. For example, Fourier expansion
of the original gauge-invariant variables in terms of time
may also be used to make the equations simpler. If it works
well, we can also treat the scalar perturbation in the
Schwarzschild black hole type background.
Although the main purpose of the present paper is to de-
velop a formalism, we briefly discuss here a possible conse-
quence of the formalism for the brane world scenario. In the
original Randall-Sundrum model, in which the brane is real-
ized as a flat subspace in a five-dimensional anti–de Sitter
spacetime, the bulk graviton modes which behave as massive
particles inside the brane decouple from the massless mode.
In our formalism this phenomenon is understood in the fol-
lowing way.
Since n53, K50, and M50 in this case, in the units
l521, the gravitational wave in the bulk spacetime is de-






Since the brane is static and located at r51, the boundary
condition is given by ]rHT50. Under the Fourier expansion




dy S 1y3 dHTdy D 1m2HT50, ~172!
where y51/r(1<y,‘) and m25v22k2. If we require that
the mode is normalizable in the generalized sense with re-
spect to the natural metric dr r}dy /y3, which makes the
right-hand side of the above wave equation self-adjoint, the
spectrum of m2 consists of two parts. One is the point spec-
trum m250 for which HT is constant. The other is the con-
tinuous spectrum m2.0 for which HT is proportional to
y2Z2(my) where Z2 is a Bessel function of degree 2. Thus





1B~m!N2~my !#e2ivtD . ~173!
The important point here is that the boundary condition is
simply written as a relation between A and B. Hence the
massless mode for which A5B50 decouples from massive
modes. If we apply the same argument to a dynamical case
in which the brane is nonstatic and represents an expanding
universe, the situation changes significantly. In this case the
boundary condition D’HT50 is expressed as a relation
among A, B, and C. Hence all modes contain massive com-
ponents.
Of course, since the expansion rate of the present universe
is small, one might expect that there is a mode in which the
amplitude of the massive component is negligible. However,
such a mode contains massive components with large ampli-
tudes in the early phase of the universe due to rapid cosmic
expansion. Hence, if the initial condition of the universe is
imposed in the early universe as in the argument of quantum
generation of perturbations, it is in general expected that the
present day universe contains a non-negligible amount of
massive gravitons. The situation is quite similar to quantum
particle creation due to cosmic expansion. Whether this
problem is a crucial defect of the brane world model or
rather provides a new model of dark matter is a very inter-
esting problem.
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a ~y !, G¯ i j









i ~x !. ~A1!
2. Curvature tensors







R¯ i jkl5@K2~Dr !2#~dk





















DaDbr2S n~n21 !2 K2~Dr !2r2 2 nr hr D gab,
~A9!
G¯ j
i5S2 12 mR2 ~n21 !~n22 !2 K2~Dr !2r2 1 n21r hr D d ji ,
~A10!
G¯ ai50. ~A11!
APPENDIX B: PERTURBATIONS OF THE RICCI
TENSORS OF THE BULK
In general the perturbation of the Ricci tensor is expressed
in terms of hMN5dg¯ MN as







L 22R¯ MLNShLS, ~B1!
dR¯ 52hMNR¯ MN1„¯ M„¯ NhMN2„¯ M„¯ Mh . ~B2!



















Dahi jg i j2
Dar
r3









DbrDˆ ihab2rhS 1r haiD2 nr DbrDbhai2DarDbS 1r hibD1 n11r DbrDahbi
1rDaDbS 1r hibD1S ~n11 ! ~Dr !2r2 1~n21 ! K2~Dr !2r2 2 hrr D hia1 1r2 DbrDarhbi
1~n11 !rDaS 1
r2







DarDˆ ih jkg jk2rDaS 1r Dˆ ih D , ~B4!
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2dR¯ i j5@2rDarDbha




~Dˆ iha j1Dˆ jhai!12
Dar
r
Dˆ khkag i j2r2hS 1
r2




~Dˆ iDˆ khk j1Dˆ jDˆ khki!2
1
r2







r D hi j


















Dˆ iDˆ jhi j2
Dar
r3
Dahi jg i j2
1
r2












Dˆ h . ~B6!
APPENDIX C: SCALAR MASTER VARIABLE
In this Appendix we show by a method different from the
proof given in @45# that Fab and F satisfying Eqs. ~151! and
~152! are written in terms of the master variable V as in Eqs.
~153! and ~154! if the two-dimensional orbit space with the
metric gab is a space N with a constant sectional curvature
l .
First, let Wab be a symmetric, traceless, and divergence-
less tensor field on N. Let ja be a ~timelike! Killing vector,
which exists because N is maximally symmetric. If we put
Wa5Wabjb, from the divergenceless condition and the Kill-
ing equation, we obtain
DaWa5WabDajb50. ~C1!




52WabebceacS 12 ee fDej f D
5Wc
cS 12 ee fDej f D

50. ~C2!
Here, from the traceless condition, this vector is related to
Wa as
Wabebcjc52eabWbceceee fj f52eabWb. ~C3!
Hence Eq. ~C2! is written as
eabDaWb50, ~C4!
which implies that Wa is written as a gradient of a function
W:
Wa5DaW . ~C5!
Equation ~C1! yields the Laplace equation
hW50. ~C6!
Since the vector defined by ha5eabjb is orthogonal to ja
















It is easily checked that the right-hand side of this equation is
a symmetric, traceless, and divergenceless tensor if Eqs. ~C5!
and ~C6! are satisfied.
In order to apply this formula to our problem, let us in-
troduce the traceless tensor Zab as
rn22Fab5Zab2~n22 !rn22Fgab . ~C9!
This tensor is not divergenceless:




In order to define a divergenceless tensor, let us introduce a
variable V as
2nrn22F5~h12l!V , ~C11!
and define Wab as
Wab5Zab2S DaDbV2 12 hVgabD . ~C12!
It is easy to check that Wab is a symmetric, traceless, and
divergenceless tensor if l is constant; hence it is written in
terms of a potential W as in Eq. ~C8!.
Here, note that in the definition of V there exists a free-
dom of replacement V→V1f where f is a solution of the
hyperbolic equation
~h12l!f50. ~C13!
By this replacement Wab changes as
Wab→Wab8 5Wab2~DaDbf1lfgab!. ~C14!
Since f is constrained by the hyperbolic equation, we can
choose the initial condition of f and ] tf on an initial surface
t5const so that Wrr8 5Wtr8 50, where t and r are the coordi-
nates used in Eq. ~128!. This condition is written in terms of
the potential W8 for Wab8 as ] tW85]rW850. For any
boundary condition on W8 that is linear and gives a well-
posed initial value problem, the solution satisfying this initial
condition is W85const, which implies that Wab8 50. Thus
Fab and F are expressed as in Eqs. ~153! and ~154!.
APPENDIX D: GENERAL SOLUTION
OF EQUATION 156
In this Appendix we give the general solution to Eq. ~156!
on a two-dimensional maximally symmetric space. We work
in the coordinates (t ,r) used in Eq. ~128!. Since the general
solution for the case l50 is obviously given by E5C0
1C1t1C2r with arbitrary constants C0;C2, we assume
lÞ0 below.
First, note that in the (t ,r) coordinates the nonvanishing











From this equation the (tr) component of Eq. ~156! is writ-
ten as
05DtDrE5U1/2]r~U21/2] tE !, ~D2!
which yields
E5 f 1~ t !U1/21 f 2~r !. ~D3!
Inserting this expression into the (tt) component of Eq.
~156!, we obtain
05~DtDt1lgtt!E5U1/2F f¨ 12S lU1 ~U8!24 D f 1G
2US 12 U8 f 281l f 2D , ~D4!
where the overdot and the prime denote differentiation with
respect to t and r, respectively. Since lU1(U8)2/45lK is
constant, this equation is equivalent to the following two
ordinary differential equations:
f¨ 12lK f 15c , ~D5!




where c is a separation constant. The general solution of the
first equation is given by








On the other hand, the general solution for the equation for
f 2 is given by










Hence, after redefinitions of constants, the general solu-
tion including the case l50 is expressed as











g1~r !5H t , lK50
e2
AlKtU1/2, lK5 0. ~D11!
It is easy to check that this satisfies the remaining (rr) com-
ponent of Eq. ~156!:
05~DrDr1lgrr!E5S ]r21 U82U ]r1 lU DE . ~D12!
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APPENDIX E: EXCEPTIONAL MODES FOR SCALAR
PERTURBATION WITH KÌ0
In this Appendix we show that the gauge-equivalent
classes of the solutions to the perturbed Einstein equations
are parametrized by a finite number of parameters for the
exceptional modes k2(k22nK)50 (K.0) of the bulk sca-
lar perturbation on a maximally symmetric background.
First, let us consider the mode k250. For this mode Si
and Si j vanish, and f a and HT are undefined. Further, the
gauge transformation is parametrized only by Ta . Hence,
setting the undefined variables to zero, F and Fab are written





Ta, d¯Fab52DaTa2DbTa . ~E1!
For the same reason, Eqs. ~64! and ~66!, or equivalently,
Eqs. ~151! and ~152!, do not exist for the mode k250. How-
ever, we can recover these equations by regarding them as
the gauge-fixing conditions. Then the residual gauge free-
dom is represented by Ta satisfying the following two con-
ditions:
05d¯ @F˜ a






DrDT˜ a1 2r DbrDaT˜ b
2S ~n22 ! K
r2










F˜ 5rn22F , F˜ ab5rn22Fab , T˜ a5rn22Ta . ~E4!
Equation ~E2! implies that T˜ a is represented by a scalar
function T as
T˜ a5eabDbT , ~E5!
because the orbit space N is two dimensional. Inserting this
expression into Eq. ~E3!, we obtain
eabDb@r2hT2nrDrDT12~n21 !KT#50. ~E6!
Hence, by replacing T by T1const, we obtain
r2hT2nrDrDT12~n21 !KT50. ~E7!
Since Eqs. ~151! and ~152! hold under the above gauge
conditions, any solution of the perturbed Einstein equations
is parametrized by V satisfying (DaDb1lgab)E(V)50 as
for the generic mode. Let the set of solutions V to this equa-
tion be SV . Then we have an onto map F1 from SV to the
space of solutions to the perturbed Einstein equations. The
kernel of this map is spanned by the solutions of (DaDb
1lgab)V50. On the other hand, F and Fab obtained by
setting F5d¯F and Fab5d¯Fab in Eq. ~E1! with Ta satisfying
the above gauge-fixing condition is also a solution to the
perturbed Einstein equations belonging to the trivial gauge-
equivalent class. This correspondence defines a map F2
from the space SG of solutions T to Eq. ~E7!. Then the set
Sinv of gauge-equivalent classes to the perturbed Einstein
equations is represented as SS /F121F2SG .
Here, note that SS /ker F1 is parametrized by the solution
to the equation E(V)5C2r , and hence by the initial data
(V ,V˙ ) on the initial surface and the constant C2. Similarly,
SG is parametrized by the initial data (T ,T˙ ) for Eq. ~E7!.
Therefore, by representing the condition F1(V)5F2(T) as
a relation between these initial data ~and C2), we can deter-
mine Sinv .
Now let us undertake this program. First, by redefining










In the (t ,r) coordinates used in Eq. ~128!, with the help of
the equations for V and T, the trace and (t ,r)-component of
















These equations have a solution for (T ,T˙ ) when data (V ,V˙ )
are given.








and gives a constraint on C2. In fact, inserting the expression
for T˙ obtained from the trace, we obtain the condition C2
50. This implies that the set F1
21F2SG coincides with the
set of solutions to the homogeneous equation E(V)50.
Thus C2 is a gauge invariant and parametrizes the space
Sinv .
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Next we examine the mode k25nK . The argument is al-
most the same as in the above case. Now the harmonic scalar
and the harmonic vector are nontrivial but the harmonic ten-
sor Si j vanishes. Hence only HT is undefined, and Xa is
defined as Xa5r f a /k . The gauge transformations of F and
Fab are given by
d¯F52
r
k FDrDS Lr D1 Kr2 LG , ~E12!
d¯Fab52
1
k H DaF r2DbS Lr D G1DbF r2DaS Lr D G J . ~E13!
In the present case only Eq. ~151! is lacking. Hence we
regard this as the gauge-fixing condition. Then the residual





DrL˜ 1S nl12~n21 ! K
r2
D L˜ 50, ~E14!
where L˜ 5rn21L . After the redefinition 22L˜ /k→L˜ , the con-









1S n2l2~n21 !2 K
r2
D L˜ Ggab . ~E15!
Here F3 represents the map from the space SL of solutions L
to the set of solutions to the perturbed Einstein equations.












which have a solution for (L ,L˙ ) for any data (V ,V˙ ). On the
other hand, the (r ,r) component
UV92lrV81lV5UL˜ 92S lr1 n21
r
U DL˜ 8
1S ~n21 ! K
r2
1nl D L˜ ~E18!
gives the constraint C05C150. Thus F1
21F3ST coincides
with the space of solutions to the homogeneous equation
E(V)50, and the space Sinv of the gauge-equivalent classes
of solutions is parametrized by the two gauge-invariant con-
stants C0 and C1.
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